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Abstract. We present a Lagrangian for the bilinear discrete KP (or Hirota- 
Miwa) equation. Furthermore, we show that this Lagrangian can be extended to 
a Lagrangian 3-form when embedded in a higher dimensional lattice, obeying a 
closure relation. Thus we establish the multiform structure as proposed in [8] in 
a higher dimensional case. 



1. Introduction 

In [8] the idea was put forward that lattice systems which are integrable in the sense 
of multidimensional consistency [T31 [5] should have a Lagrangian structure which 
reflects this property. That is, rather than the Lagrangian being a scalar object (or 
equivalently a volume form), it should be a discrete multiform from which, through 
the Euler-Lagrange equations, copies of the relevant equation in all possible lattice 
directions can be derived. These copies of the same equation, albeit with different 
parameters associated with different lattice directions, coexist on an extended lattice in 
view of the multidimensional consistency, and should consequently be viewed as parts 
of one single "integrable" infinite-dimensional system. Examples from a particular 
class of quadrilateral lattice systems in 1+1 dimensions (those classified in PQ) were 
studied in [8j, namely equations of the form 



where u — u(ni,rij) depends on two discrete variables n,i,rij, shifts of u in the re- 
direction are denoted by Ui (so that for example Ui = u(rii + l,rij)), and the aii 
are lattice parameters associated with the rii-direction. Although actions for these 
equations were given in [T], it was shown in [8] that all cases admit a special choice 
of 3-point Lagrangians, which subsequently can be interpreted as Lagrangian 2-forms. 
This was based on the surprising observation that such Lagrangians obey the following 
closure relation 



which implies they are closed 2-forms on a multidimensional lattice. Here the 
difference operator Aj acts on functions / of u = u(ni,rij,nk) by the formula 
Aj/(it) = fiui) — f(u), and on a function g of u and its shifts by the formula 
Aig(u,Uj,Uk) — g(ui,Uij,Uik) — g(u,Uj,Uk). On the basis of the relation (|1.2[) a 
new variational principle was proposed for integrable (in the sense of multidimensional 



Q(u,Ui,Uj,Uij;ai,a>j) = 0, 



(1.1) 



AiCjk + AjCki + A k Cij = 0, 



(1.2) 
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consistency) lattice equations which involves the geometry of the space of independent 
variables. 

Whereas in the previous paper the focus was on integrable lattice equations in 
1+1 dimensions, here we want to study the case of 3-dimensional integrable systems, 
the prime example being the lattice Kadomtsev-Petviashvili (KP) system. Discrete 
equations of KP type have been studied extensively since the early 1980s (cf for 
example [U [UJ), following on from the famous "discrete analogue of a generalized 
Toda equation" (DAGTE) introduced by Hirota in |6J which is a bilinear form for 
the lattice KP equation^. Other related KP-type lattice equations were introduced 
in [TT]. The equation we will refer to as the bilinear discrete KP equation, in order 
to distinguish it from equations that actually lead to the original KP equation in a 
continuum limit, is taken in the following form 



Here Aij = —Aji are constants, r = T(rii,nj,nk) is the dependent variable depending 
on three discrete independent variables rii,nj,nk corresponding to lattice directions, 
and subscripts of r, e.g. as in n, denote shifts in the n^-direction so that for example 
tj = r(n, + l,nj,rik) and Tj = r(ni,nj — l,rifc). The constants can be removed by a 
gauge transformation, but we find it more instructive to retain them. Miwa gave the 
connection between the KP hierarchy and Hirota's difference equation in [10] , showing 
how solutions to the KP hierarchy can be transformed into solutions to (|1.4p . hence 
it is often called the Hirota-Miwa equation. 

The main results of this paper are twofold: first to give a Lagrangian for the 
bilinear discrete KP system associated with (|1.4jl (in fact, whereas the continuous 
KP equation admits an obvious Lagrangian structure, it has to our knowledge never 
been established for any KP-type equation on the 3-dimensional lattice), second to 
establish the Lagrangian multiform structure, in the sense of [S], based on a higher 
dimensional analogue of (jl.2[) . and show that the relevant Lagrangian obeys a 4- 
dimensional closure relation. 

2. Lagrangian structure 

2.1. Scalar Lagrangian 

It is a common feature of Lagrangians for equations of Korteweg-de Vries (KdV) 
and KP type (already in the continuous case) that those equations emerge as Euler- 
Lagrange equations by varying the action with respect to a dependent variable which 
obeys a potential (i.e. integrated) version of the equation. Hence, the variational 
equation is typically a "derived form" of the equation obeyed by this canonical variable, 
with respect to which the action is minimized. The same holds true in the case of a 
Lagrangian structure for the lattice KP system, where we will use the r-function as 

| Hirota introduced his difference equation in a form equivafent to 



where the notation is expfaincd in the text, and where a, f3, 7 are constants satisfying a + (3 + 7 = 0. 



AjkTiTjk + A ki TjT ki + A i3 T k T i: j — 0. 



(1.4) 



CtTiTf + /STjTj + 7T fc T^ = 0, 



(1.3) 
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the canonical variable. Thus, fixing three directions k, we introduce the following 
Lagrangian 

Lir^ , Tj , T k , Tij , Tj*& , 77^ , A{j j , j4fci ) 

TkTij \ . / A k [Tj \ j ' f AijT k Tij 



\TjT ki J \ A jk Ti J \ A ki TjT ki J 

where Li2 denotes the dilogarithm function defined by 

U 2 (z) = - ^ ln(1 ~ z) dz. (2.6) 
Jo z 

The Lagrangian (|2.5p produces the following discrete Euler-Lagrange equation 

— - [hl( AkiT ^ Tl + Ai 3 TT i'jk \ + _A ki Tj k T l + AijTT^jk 



St [ \ Aj k T ik Tj J \ Aj k T lk Tj 



( j AkjTTjjk + AjjTjkTj \ _ ( A ki TTyk+ AijTjkTx^l 



Ajk T i] T k ) \ AjkJijTy. J J T 

= (2.7) 

which is a consequence of (jl.4[) through the fact that it is a combination of 4 copies 
of the equation shifted in appropriate lattice directions. 

Consequently the following functional of the lattice fields r(rij, nj, n k ) 

S[r]= 51 L(Ti,Tj,Tk,Tij,Tjk,Tki;Aij,Aj k ,A k i) (2.8) 

with L given by (|2.5p can be considered to constitute an action for the lattice equation 
(|2.7p as a derived equation of the bilinear discrete KP equation. However, we want 
to go further and take into account that the bilinear KP equation is part of a 
multidimensionally consistent system of equations, as has been recognized in recent 
years, cf e.g. [TBI El [14] . In order to incorporate this multidimensionally consistent 
system of equations into a single Lagrangian framework we will now proceed to define 
the Lagrangian multiform structure for the lattice KP system. 

2.2. Lagrangian 3- form 

The first step is to introduce a Lagrangian 3-form Cij k where k denote any three 
distinct directions in a multidimensional lattice A, whose vertices are labelled by 
integer vectors n = (ni) ie j where / is an arbitrary set of labels, i, j, k taking values in 
/. The lattice 3-form dj k is based on the form of the Lagrangian (|2.5p , but we require 
it to be skewsymmetric (i.e. antisymmetric with respect to the swapping of any two 
indices) and we associate with it an elementary oriented cube eryfc spanned by unit 
vectors e, which are associated with the corresponding lattice direction labelled by i 
in the multidimensional lattice A. This leads us to define the following Lagrangian 
3-form 

£ijk — ~^(Lij k + Lj k i + L k ij — Li k j — Lji k — L k ji) 
which when written out explicitly and simplified is 
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C ik = lnf TkTlj 1 lnf AklT A uj Al i TkTi i 

\ ~j ~i. . ) V AjknJ \ A k iTjT k i 
M TiIih\ J-^2l±\-uJ AjkTiTjk 



| U | lilhL] - Li 2 ( AkiTjTki 



T i T jk J \ AijTk J \ AjkTiTjk 

\iiHr,)) 2 + (ln(r jfe )) 2 + (lnfa)) 2 - {Hn)f - (info)) 2 - (info)) 2 

- Info,) lnfo fc ) - lnfoyfc) Info;) - Info;) lnfoj) + Info) Info) 

+ Info) ln(r fe ) + ln(r fe ) Info) + (ln(A y )) 2 + (ln(A jfe )) 2 + (lnfo fel )) 2 

7T 2 

- \n{Aij) hx{Aj k ) - HA 3 k) In(A w ) - ln(A fci ) lnfoy) + y), (2.9) 

where the constant terms arise from dilogarithm identities which will be elucidated in 
the proof below. 

This Lagrangian is antisymmetric by construction. Considered as a usual scalar 
Lagrangian defined in the 3-dimensional sublattice of the directions i, j, k the Euler- 
Lagrange equations of the corresponding action would yield an equation combining 12 
shifted copies of the original bilinear equation (|1.4p , namely 

SCijk _ AkiT^Tj + A i3 TT i:jk - \ ^( A ki T Jk Ti + AijTTjjk 



AjkT ik Tj J \ AjkTikTj 



111 ( AkiTTijk + AijTjkTi\ ( AkiTTjjf, + AijTj k T t 



AjkTijT k J \ Aj k T t jT k 

v , AjjTWTj + A jk TTij k \ A i:j T ik -Tj + A jk TT iJk - 



A k iT l jT k ) \ A k iTijT k 

AijTT ljk + Aj k T lk Tj \ _ ln ^ AtjTTjjk + AjkTikTj 



Aki T jk T i J V AkiTjkTi 

h) | AjkTjfk + A ki TTjj k \ A jk TijT k + AkiTT^jf, 



AijTj k Ti J \ AijTj k T z 

( | Aj k TT ijk + A ki TijT k \ _ ( Aj k TT iJk + A kt T tJ T k \ \ 1 



AijT lk Tj J \ AijT ik T 3 J J T 

= (2.10) 

Equation (|2. 10|) is actually a 19-point equation existing on a cube as in Figure 
[U It comprises the 12 shifted copies of (|1.4p as illustrated in Figure [2j where to each 
configuration of 6 points on an elementary cube correspond 2 copies of (|1.4| . 

The main observation which allows the establishment of the multiform structure 
is that the Lagrangian 3-form defined in (|2.9[) is a closed form on the solution space 
of the original bilinear equation (|1.4p . In fact we have the following closure property 

Proposition: The Lagrangian defined by (|2.9|) satisfies the following closure relation 
on solutions to the equation (1 1 .4|) when embedded in a 4~ dimensional lattice. 



&i£ijk — &i£jki + Aj£ k u — A k Cuj — 0, (2-11) 
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Figure 1. The 19-point equation. 




Figure 2. Copies of the 6-point equation. 



where the difference operator A, acts on functions f of t — T(rii,nj,nk,ni) by the 
formula Aj/(r) = /(r,) — /(t), and on a function g of t and its shifts by the formula 

&i9(r,Tj,Tk,n) = g[n,Tij,Tik,Tu) -g(r,rj,Tk,n)- 

Proof: By explicit computation. The closure relation (|2.11|) holds on solutions of the 
original equation, so we need to make use of (| 1 .4|) and its shifted versions. If we add 
in a fourth lattice direction, we get the equations 



AjkTiTjk + AkiTjTki + AijTkTij — 0, 
AklTjT H - AjlTkTjl + AjkTlTjk = 0, 



(2.12a) 
(2.12b) 
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AiTkTli - A ki TlT ki + A kl TiT kl = 0, (2.12c) 

AijTinj + AjffiTji + AiiTjTu = . (2.12d) 
When shifted, equations (|2.12a[) through (|2.12d[) become 

Aj k TuTj k i + A ki TjiT k u + AijTkiTuj — 0, (2.12e) 

AklTijTkU ~ AjlT ki Tuj + Aj k TliT ljk = , (2.12f) 

AliT jk Tl i:j -A ki TjlT ijk + A k iTijTjki = 0, (2.12g) 

AijTklTijk + AjlTkiTjkl + AliTjkTkU — 0. (2.12h) 

We also need the following two key identities for the dilogarithm function 

Li 2 (x) + Li 2 (y) = Li 2 (xy) - Li 2 ( - — — ]-Li ' ' 



x — 1 J \ y — 1 

-KKHr))'- (2 ' i3a) 

Li s (x) + Li 2 fi~\ = - j(ln(-i)) 2 - y, (2.13b) 

The latter equation holds for all x, a proof of which can be found in [7J, where many 
dilogarithm identities are collected. Equation (|2.13a[) is a combination of other such 
identities from [TJ, and it can be proved by simple differentiation. It is valid up 
to imaginary terms which can be chosen to cancel out in the course of the closure 
relation computation. We will split the computation into two parts, considering the 
dilogarithm terms separately. Let 

T = Aidjk — AiCjki + Aj£fcH — AkCuj (2-14) 

with Cijk given by (|2.9[) and let T = Ti + r 2 , where Ti is the part of V omitting 
dilogarithm terms from the Lagrangian, and r 2 consists of only the dilogarithm terms. 
We have 



ri = ^((H^k) 2 - (Hr.ki)) 2 + (Hrku)) 2 - (ln(r^)) 2 
+ (ln^)) 2 - (ln(r,)) 2 + (ln(r fe )) 2 - (ln(r ; )) 2 ) 
- ln(Tyfc) ln(rfcij) + ]n(Tjki) lnfay) ~ m ( T i) ln( T fc) + ln(r,) ln(r ; ) 

AijAjkTklTn 



+ ln(r iifc ) In 
+ ln(T feK )ln( - 
+ ln(r,-)lni 
+ ln(r fe )ln 



Ajl AfciTjlTki 
AklAnTijTjk 
AjlA ki T.jlTki 
AjkAklTjkTkl 
AjlAkiTjlTki 

AijAn Tij tu 



+ lnfr-fcj ) In ( A i lAkiT i lTki \ 

3 \AjkAklTijTn J 

AjlAkiTjlTfci 



AjlAkiTjlTki 



bi(Tnj)ln 
+ ln(r J )ln(- 
f ln(r ; )ln 



Aij AnTjkTkl 
AjlAkjTjlTki 
AklAuTklTu 
AjlAkiTjlTki 
Aij Aj Tij Tj k 



HnM -^1) +ln(r jk )ln[-^l) + ln(r w ) ln( 



.4 



ln(r Z i)ln 



Ajk 

Aij 

Ah 



Am 



Ai 



A, 



In ^ 

\Tki 



hi 



%3 / \ 
Aij AjkAklAuTij TjkTkl TU 
A 2 A 2 T 2 T 2 



(2.15) 
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r 2 = 



r 

'- Li 2 

L 


^ AijTklTi v 
V, A ki TjlT kh 


) 


1 

!+ Li 2 | 


AijT k Tij \ 

Mi T ■ T7 ■ / 


r 

'- Li 2 

L 


f AklTijTjkl \ 
KJ^-kt 1 jl ' tjk / 


1 
1 
1 
I 

J 






+ Li 2 


( A kl TiT k l \ 
\A ki TlT kl J 


+ Li 2 


( AjkTliTijk ^ 
V AjiTkiTUj J 


r 

j-Lia 


/ AjkTlTjk \ l 


+ Li 2 


( AuT.jkTkli\ 
V AjlTkiTjkl J 


j-Li 2 




+ Li 2 ( 


AklTijTkli N 
v Aj k TuTij k j 


) 


- Li 2 

L 


( Aj k TuTj k l\ 
V AijTklTu-j J 


;+Li 2 


f Ajk T i T jk \ 

i J~\ <i A iV* in A / 


i 

i — Li 2 
i 

L 


( A kl TjT k l\ 
V A jkTlT jk J 


1 
I 
I 
1 

J 












I— Li 2 


( AuTj k TUj\ 
V A k lTijTj k l J 


+ Li 2 

J 


/I k 7 T"» T"l~ I / 
\ -* ^-ftt 1 1 1 kl / 


I — Li 2 
. \ 


' A ki TjlT k u^ 
\ AjkTliTjkl , 


) 












+ Li 2 


( A{jT k lTij k ^ 
V AuTj k T k u J 


j-Lia 


T AijTlTij^. 1 
V AllTjTu ) j 


+ Li 2 ( 


A k iTjT k { ^ 
v AjkTiTjkJ 




+ Li 2 


( AjlTkiTHj \ 
\A k lTijT k u J 


!-Lia 

L 


^ AjlTkTjl \ ] 
\ Akl Tj T k l J ! 


+ Li 2 


( AjlT ki Tj k l 
V AijTklTijk 


) 

1 

1 

1 

1 
J 


:-Li 2 

L 


l~A~kiTjlTijk ' 
\A U Tj k Tlij J 


+ Li 2 

J 


/ A fei r ; r fci \ 

\ AuT k Tu J 


r 

i - Li 2 

1 

L 


f A'jlTiTjl\ 
V AijTlTijJ 













(2.16) 

Using (|2.13bp on the terms in the dotted boxes, followed by (|2. 13a|l on the terms 
in the solid boxes gives a large expression which we reproduce in the Appendix and 
show to be equal to — Ti, verifying the closure relation. ■ 

The establishment of the closure property enables us to propose a novel variational 
principle for the multidimcnsionally consistent system of bilinear KP equations, 
along the same line as in [8]. Choosing a 3-dimensional hypersurface a within 
a multidimensional lattice of dimension higher than 3, consisting of a connected 
configuration of elementary cubes oyj., we can define an action S on this hypersurface 
by summing the contributions Cij k from each of the cubes as follows 

S[r;a]= ]T C ijk , (2.17) 

taking into consideration the orientation of each elementary cube contributing to the 
surface. The antisymmetry of Cij k guarantees that there is no ambiguity in how 
each discrete Lagrangian 3-form will contribute to the action Furthermore, the 
closure relation (|2. 1 1[) allows us to impose the independence of the action on local 
variations of the surface away from any boundary that the surface a may possess. 
Thus, whilst keeping the boundary fixed we may locally deform a in any way we 
choose, allowing us in particular to render it locally flat away from the boundary, such 

§ Note that we do not use the abstract notation of difference forms as proposed in [9], as we prefer 
to work with the explicit expressions for the integrated forms as described here, which allows for a 
direct verification of the main result. 
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that we can specify a 3-dimensional hypersurface described in terms of three local 
coordinates Uj, rij, n^. There we can then apply the usual variational principle, taking 
the variational derivative with respect to r, leading to the Euler-Lagrange equations 
(|2.10p . These equations of the motion are a consequence of the Hirota-Miwa equation 
(|1.4[) , as are the closure relations that guarantee the surface independence of the action 
under local deformations. This interlinked scheme of variations with respect to the 
dependent variables as well as to the geometry of the independent variables is what 
constitutes the Lagrangian multiform structure of the lattice KP system. 

3. Discussion 

We have shown that the ideas of [8] for 2-dimensional integrable (in the sense of 
multidimensional consistency) equations are also applicable to the 3-dimensional 
example of the bilinear discrete KP equation. There are several remarks we would like 
to make at this point. 

First, one has to qualify what it means for a Lagrangian to be associated with a 
given equation, since as we have noted earlier the Euler-Lagrange equations rather than 
yielding the original bilinear KP equation only yield a derived equation comprising 
a combination of various copies of the original equation. Nevertheless we have taken 
the point of view that since the canonical variable is the r-function we consider this 
Lagrangian structure to be associated with the bilinear KP equation. 

Second, the closure relation which is central to the Lagrangian multiform structure 
relies on the bilinear KP equation rather than on the Euler-Lagrange equations. It is 
not clear at this stage to what extent the closure property remains to be verified on 
all solutions of the Euler-Lagrange equations or only on a subvariety of solutions that 
obey the multidimensional systems of bilinear equations. 

Third, we consider the Lagrangian multiform structure as a hallmark of 
multidimensional consistency on the level of the variational principle. As such, it is as 
much a principle that selects "admissable Lagrangians" as well as field configurations 
obeying the variational equations. It would be a challenge to sec whether this principle 
can be used as a criterion to classify the admissable Lagrangians to which it can be 
applied, which then necessarily would coincide with the integrable cases. 

As far as KP-type systems are concerned, in some recent works in combinatorics 3- 
dimensional 6-point recurrence schemes have been studied from the point of view of the 
geometry of the octahedral lattice, cf e.g.[15l[5]. A classification of multidimensionally 
consistent 6-point equations has recently been done in [2], but this does not seem to 
yield any novel lattice equations (e.g. in comparison with the list in |12j). It would 
be of interest to see whether Lagrangian multiform structures can be established for 
all those equations, and whether these structures can be adapted to the octahedral 
lattice picture. Alternatively one can consider 3-dimensional lattice equations of BKP 
type, i.e. equations of the form 

Q(t"i Ti,Tj,Tk,Tij,Tjk,Tki,Tijk) = (3.18) 

but so far Lagrangian structures for such equations remain to be established. 
Appendix A. Closure relation computation 

After using the dilogarithm identities on the boxed terms of equation (|2.16p as 
described above, we obtain the following expression. Here we have also made use 
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of the equations (|2.12ap through (|2.12h|) 

'( 



•Lis 



+ Li 2 



Li 2 



Li? 



Li 2 



Li? 



Li 2 



Li; 



TjTklTkiTUj 
+ u J T k T H T j lT ijk \ 
\TlTjkTkiTlij J 
+ u j T i T kl T jl T ijk \ |; 

\vnjTkiTjki J 



TiTjkTjlTkU 
TjTnTkiTjkl 
I TjTklTljTjjk 
\TlTijTjkTkli 
( T k TljTjlTjj k 
\TlTjkTkiTUj 



Sj T U T ki r jkl 

+ Li 2 ( ItWmiL) 

\TkTijTuTjkl J 

( nnjTjkTkii 

' \TjT k lTuTij k 

j^. / TkTjjTljTjkl ^ 
\TiTjkTklTUj J 

f TjTklTljTjjk 
\TlTijTjkTkU 
Tj TfoTkiTjkl 
1~i Tj k Tj I Tk I i 
( TjTklTkiTUj 
\TkTijTjlTkU 

\TkTliTjlTijk J 

+ li 2 ( TWhwA 



-Lia( 


TlT io TjkTkli\ 


\TjTklTuTijk J 


-Li 2 ( 


' TjTklTkiTli-j \ 


\T k TijTjlT k li J 



Li- 



-Li. 



Li; 



-Li- 



/ T k TjjTjiT k u 
\TjTklTkiTUj 

"{ r 

\TiTklTjlTijk J i 
TjT k lTjlTjj k \ ii 



Li 5 



-Li s 



Li 2 



Lis 



— Li 2 



Li 2 



\TiTjkTklTlij J 
I TkTtjTjlTkU 
\TjT k lTkiTlij 
TjTjkTklTuj 
T k T{j T\ %Tjkl 

\TlTijTkiTjkl J 
7~iTjkTj[TkU 
TjTnTkiTjkl 
( TlTjkTkjTuj ^ 
\TkTliTjlTijk 



) 



TlTjjTkjTjkl \ ]_ / TkTljTjlTijk \ 

\T~lTjkTkiTuj J 



Li 2 



Z l I i Jl l i i Ti k ] /][. _ _\T i Ti kT JL Tk L i 



TjTnTkiTjkl \ i 



Li- 



Li< 



/ TkTijTljTjkl \ 
\TiTjkTklTlij J 
fTjTjkTuT^ 
\T k TliTjlTijk J 

\T k TijTuTjkl J 



A. 



Lis 



Li 



— Lis 



— Li 2 



lnT ^ kiT i lTkli 

V AijTklTnj 

\ AnTjkTUj J 

^ f A k lTjTkl \ 
\ AjlTkTjl J 

( AkiTjTu 
TkiTjkl 
Aij Ti Tj k Tkl TUj 

Aki TlTjkTki Tnj 
AklTkTijTuTjkl 

A%j T k Tij TjlTkli 
AjkTjTn 



In 



- In 



In 



- - In 



Ti.TjkTjiTkU 

^fAjinTjA 

V AjkTlTjkJ 
AjjTklTUj \\ 2 1 
AjkTliT jkl J J 2 

AliTjTu \\ 2 1 
AijTlTij)) 2 

- 1 In I — J ^ liT i kTli i | 

\ AkiTjlTijk ) 

1 A /_ AjkTlTjjTjkTkU 

2 V V AjlTjTklTkiTuj 

1 / / AuTjTkin 

%T%jk 

2\ \AjlTlTijTkiTjkl 
Iffaf AklTjTklTkjTUj \ 
2 \ \AjkTkTliTjlTijk ) 



( TjTklTkiTUj 
TkTijTjlTkU 
( TjTklTljTjjk 
\TlTijTj k TMi 
( TlTjj T ki Tj k l \ 
TiTklTjlTijk J 
I TlTjjTj k T k li 
\TjTklTuTijk 

' l 



= 1 



\ AkinjTjkiJ, 

\AklTjTkl ) , 

j / AjkTjjTjkl 
\AkiTjlTkli 



AjlTiTjlJ , 



(A.l) 
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v, V A li T l T jkTkiTlij J 
/ AjkTjTjkTklTljj \ 
V \A ki T k T t jTjlT k li J 



- In 



j / AjjTlTjjTkjTjkl 
\ AuTiTjkTjlTkU 



111 



AkiTiTklTjlTi-jk J 



AjlT k Tl 

iTjlTjk 
AklTlTijTjkTkH 



1 A f AjiTjTjkTjiTku 

2 \ \AijTjTklTliTijk 



2tt 2 



(A.2) 



Using (|2.13bj) on all the terms in the dotted boxes, all the dilogarithm terms 
cancel out leaving only these logarithm terms 



+ 



hi 



- In 



^ In 



In 



In 



In 



- In 



- In 



In 



In 



In 



- In 



- In 



AkiTjlTkU 
AijTklTUj 

AjlTjTjl 
AuTjTu 

AklTijTjkl\ 
AuTjkTUj J 

AklTjT kt \ 
AjlTkTjl) 

Aki Tj TuTki Tj kl 
Aij T% Tj k Tkl Tlij 
Aki V, Tj kTki Tlij 
AklTkTijTuTjkl 
Aij TkTij TjiTkli 



AjkTlT jk J 



hi 



AijTklTUj 
AjkTuTjkl 

ln( ^TH\ 

A l jTlT l j J 

j , AuTjkTUj \ 
AkiTjlTijkJ 



Aj k Tl Tij Tj kTkli 



2 I I A;i , ; r;,./ r/,, r/,j 

1 /- / AuTjTklTuTijk 



hi 



AjkTjTuTktTjU 

AklTjTklTjlTjjk \ 
AliTlTjkTkiTlij J 

AjkTiTjkTklTuj \ 
AkiTkTijTjlTkU J 

AljTkTjjTuTjkl 
AkiTiTkl TjlTij k 



T k Tj 3 Ti t Tjkl 
TiT jkTklTHj 

7~j7~klTkiTnj 



\AjlTlTijTkiTjkl 
y ( AgTjTklTkiTuj 
\AjkTkTliTjlTijk 

j | AijTlTijTkiTjkl 
\ AuTiTjkTjlTkU 

AjlTkTljTjlTjjk 



In - 



TkTjTjlTkU 

TlTjjTkjTjkl \ 
TiTklTjlTijk J 



AklTlTijTjkTkH 

j / AjlTjTjkTjlTkU 
\AijTjTklTuTijk 
\ \ 2 

TjTklTliTijk 



; In 



; In 



TlTjkTkjTUj \ 
TkTliTjiTijk J 

TiT jkT j\Tkli 
TjTuTkiTjkl 



AkiTjlTijk \ 
AklTijTjkl ) , 
j / AjkTjTjk V 2 
\AklT-jTkl J / 

Y n ( AjkTuTjki x 

\ AkiTjlTkU 
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AjjTlTjj \ " 
AjlUTjl) / 



(A.3) 
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This simplifies to 

T 2 = \{-{Hnjk)f + (ln(r jkl )) 2 - (ln^)) 2 + (ln(r^)) 2 

- (ln^)) 2 + (ln(r,)) 2 - (ln(r fe )) 2 + (ln(r ; )) 2 ) 
+ ln(T 4ife ) ln(Tfc;i) - ln(Tjki)ln(T Hj ) + Infc) ln(r fc ) - Info) Info) 

+ lnfo jfe )m --r— : " +ln(r jfe /)ln' — 



A-ijAjkTklTn J \AjlAkiTjlTk 



AklAuTijTjk J \AjlAkiTjlTki 

AjiAkiTjiTki \ ( AkiAuTkiTu 



ln( Ti ) l n 7' "'^" + m fo) l n - 

AjkAklTjkTM J \ AjiAkiTjiTki 

ln( Tfc ) l n f' y ^M + m fo) ln ^ ^iW* 



AijAnTijTn J \ AjiAkiTjiTki 

+ ^) i »(-f) +i ^»K-^) +i »(-'K-|t 

V Aj'/ \ t j'/ V A ji A ki T ji T ki J 

The reader can easily check that adding (|A.4[) to Ti from (|2.15[) gives zero, verifying 
the closure relation. 



Acknowledgments 

We are grateful to P. Hydon and V. Papageorgiou for useful discussions. SBL was 
supported by the UK Engineering and Physical Sciences Research Council (EPSRC). 
GRWQ's research is supported by the Australian Research Council through the 
Centre for Mathematics and Statistics of Complex Systems (MASCOS). This work 
was completed at the Isaac Newton Institute for Mathematical Sciences, Cambridge, 
during the programme Discrete Integrable Systems. 

References 

[1] Adler, V.E., A.I. Bobenko and Yu.B. Suris. Classification of Integrable Equations on Quad- 
Graphs, the Consistency Approach. Communications in Mathematical Physics, 2002: 233, 
pp.513-543. 

[2] Adler, V.E., A.I. Bobenko and Yu.B. Suris. The classification of integrable discrete equations of 

octahedron type. To appear, 2009. 
[3] Bobenko, A.I., and Yu.B. Suris. Integrable Systems on Quad-Graphs. International Mathematics 

Research Notices, 2002: 11, pp.573-611. 
[4] Date, E., M. Jimbo and T. Miwa. Method for Generating Discrete Soliton Equations. Journal of 

the Physical Society of Japan, 1982: 51, pp.4116-4124, pp.4125-4131, 1983: 52, pp.388-393. 
[5] Henriques, A. A periodicity theorem for the octahedron recurrence. Journal of Algebraic 

Combinatorics, 2007: 26, pp. 1-26. 
[6] Hirota, R. Discrete Analogue of a Generalized Toda Equation. Journal of the Physical Society 

of Japan, 1981: 50, pp.3785-3791. 
[7] Lewin, L. Poly logarithms and Associated Functions. New York: Elsevier North Holland Inc., 

1981. 

[8] Lobb, S.B. and F.W. Nijhoff. Lagrangian Multiforms and Multidimensional Consistency. Journal 
of Physics A : Mathematical and Theoretical. Special Issue on Symmetry and Integrability of 
Difference Equations. To appear, 2009. 



Lagrangian multiform structure for the lattice KP system 12 

[9] Mansfield E.L. and P.E. Hydon. Difference forms. Foundations of Computational Mathematics, 
2008: 8, pp.427-467. 

[10] Miwa, T. On Hirota's Difference Equations. Proceedings of the Japan Academy, Series A, 1982: 
58, pp9-12. 

[11] Nijhoff, F.W., H.W. Capel, G.L. Wiersma and G.R.W. Quispel. Backhand Transformations and 

Three-dimensional Lattice Equations. Physics Letters, 1984: 105A, pp. 267-272. 
[12] Nijhoff, F.W. and H.W. Capel. The Direct Linearization Approach to Hierarchies of Integrable 

PDE's in 2+1 Dimensions. I. Lattice Equations and the Differential- Difference Hierarchies. 

Inverse Problems, 1990: 6, pp.567— 590. 
[13] Nijhoff, F.W. and A.J. Walker. The discrete and continuous Painleve VI hierarchy and the 

Gamier systems. Glasgow Mathematical Journal, 2001: 43A, pp. 109-123. 
[14] Papagcorgiou, V., F.W. Nijhoff and G.R.W. Quispel. Multidimensional consistency and the 

discrete Kadomtscv-Pctviashvili equations. In preparation. 
[15] Speyer, D.E. Perfect matchings and the octahedron recurrence. Journal of Algebraic 

Combinatorics, 2007: 25, pp.309-348. 
[16] Zabrodin, A.V. Hirota's difference equations. Theoretical and Mathematical Physics, 1997: 113, 

pp. 1347-1392. 



